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Abstract: The utility of the matrix representation with flipping (MRF) supertree method has been limited by the speed of
its heuristic algorithms. We describe a new heuristic algorithm for MRF supertree construction that improves upon the speed
of the previous heuristic by a factor of # (the number of taxa in the supertree). This new heuristic makes MRF tractable for
large-scale supertree analyses and allows the first comparisons of MRF with other supertree methods using large empirical
data sets. Analyses of three published supertree data sets with between 267 to 571 taxa indicate that MRF supertrees are
equally or more similar to the input trees on average than matrix representation with parsimony (MRP) and modified min-
cut supertrees. The results also show that large differences may exist between MRF and MRP supertrees and demonstrate
that the MRF supertree method is a practical and potentially more accurate alternative to the nearly ubiquitous MRP super-
tree method.
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Introduction

There is increasing interest in supertree methods for phylogenetics (see Bininda-Emonds et al. 2002;
Bininda-Emonds, 2004). Supertree methods combine phylogenetic trees with incomplete taxonomic
overlap into a comprehensive phylogeny that incorporates all taxa from the input trees. Since the ulti-
mate aim of many supertree analyses is to build large phylogenies, an effective supertree method must
be fast as well as accurate. Therefore, the development and implementation of fast algorithms is a
critically important part of establishing useful supertree methods.

The most popular supertree method by far is matrix representation with parsimony (MRP; see Bininda-
Emonds, 2004). MRP performs a maximum parsimony analysis on a binary matrix representation of
the set of input trees (Baum, 1992; Ragan, 1992; Baum and Ragan, 2004). Therefore, MRP analyses
can use fast maximum parsimony heuristics (e.g. Nixon, 1999; Goloboff, 2000) and popular phyloge-
netics programs that implement maximum parsimony like PAUP* (Swofford, 2002) or TNT (Goloboff,
2000). Still, MRP has been criticised for its performance and properties (e.g. Purvis, 1995; Pisani and
Wilkinson, 2002; Gatesy and Springer, 2004; Goloboff, 2005; Wilkinson et al. 2005). For example,
MRP may have a size bias, in which the size of the input trees affects how MRP resolves conflicts
(Purvis, 1995). There is also evidence that MRP may have a shape bias, in which input tree shape affects
the resulting supertree (Wilkinson et al. 2005). Furthermore, the validity of using parsimony on a matrix
representation of input trees has been questioned (Slowinski and Page, 1999; Eulenstein et al. 2004;
Gatesy and Springer, 2004). Thus, there is a need to investigate alternate supertree methods.

The matrix representation with flipping (MRF, or minimum flip) supertree method, like MRP, uses
a matrix representation of the input trees (Chen et al. 2003; Chen et al. 2004; Burleigh et al. 2004;
Eulenstein et al. 2004). While MRP seeks trees that minimize the parsimony score of the matrix repre-
sentation of input trees, MRF seeks the minimum number of flips, character changes from 0 to 1 or 1
to 0, that will make the matrix representation of input trees consistent with a phylogenetic tree (see
Chen et al. 2003; Burleigh et al. 2004; Eulenstein et al. 2004). The resulting phylogenetic trees are MRF
supertrees. Like the parsimony problem, the minimum flip problem is NP-hard (Chen et al. 2006), and
therefore, estimating an MRF supertree requires heuristic algorithms when the input trees contain more
than approximately 20 taxa. Simulation experiments (Eulenstein et al. 2004; Piaggio-Talice et al. 2004)
indicate that MRF supertrees retain more of the relationships from the input trees than MinCut (Semple
and Steel, 2000), Modified MinCut (MMC; Page, 2002), and quartet supertree methods (Piaggio-Talice
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et al. 2004). Also, MRF supertrees retain relation-
ships from the input trees at least as well as MRP
supertrees, with MRF appearing to slightly outper-
form MRP as the taxon overlap among input trees
decreases (Chen et al. 2003; Burleigh et al. 2004;
Eulenstein et al. 2004). Though these results
suggest that MRF is a promising supertree method,
the characteristics of the simulated data sets likely
differ greatly from those of empirical data sets.
Furthermore, the first MRF heuristics were slow
(Eulenstein et al. 2004; Goloboff, 2005), and
consequently the performance of the MRF super-
tree method on large empirical data sets has been
largely unexamined.

We describe improvements to existing MRF
heuristics that increase the speed of the heuristics
by a factor of n, where 7 is the total number of taxa
represented in the input trees. These improvements
make it feasible to estimate MRF supertrees for
large data sets. Furthermore, they allow the first
comparisons of the performance of MRF with other
supertree methods using empirical data sets
containing many more taxa than were in the simu-
lated data sets. The results of these analyses
demonstrate that MRF may perform better than
MRP or MMC supertree methods. The analyses
also demonstrate notable differences between
results of MRF and MRP supertrees that were not
observed in small simulation studies.

Definitions
Let S={s, ..., 5,} denote a set of n taxa and L(7)
denote the leaf set of a rooted tree 7.

A directed phylogenetic tree, or phylogeny for
short, over set S is a rooted binary tree 7 such that
every internal node of 7 has two children and
L(T)=S. (The assumption that the phylogenies are
binary is made only for simplicity and can easily
be dropped.) Let v be a node of a phylogeny 7.
Then, T, denotes the subtree rooted at v, and 7T,
denotes the tree 7' with the subtree 7, removed. The
set L(T,) is the cluster of T at v.

A profile is a multiset T of phylogenies. The
elements of T are called input trees. A supertree
for a profile T is a phylogeny 7 such that
L(T)= UL ().

A character matrix for S is an n X m matrix
M =[a;] over {0, 1,7}, whose i-th row corresponds
to taxon s,. The j-th column of M is called character
J. The set of all s; such that a; = 1 is the 1-sez of
character j and is denoted by Oj; the set of all s;

such that a; = 0 is the 0-ser of character j and is
denoted by Z,.

Let T be a profile such that U _.L (¥) = S. For
our study, we define a matrix representation of ©
as a character matrix M for S obtained as follows.
For each tree ¢t € T and each cluster X in ¢, create
a column of M whose i-th entry is 1 if's,e X, 0 if
s;€ L(t) — X and ? if s, & L(7).

The matrix representation of trees is the basis
for MRP (Baum, 1992; Ragan, 1992; Purvis,
1995) and MRF (Chen et al. 2003; Burleigh et al.
2004; Eulenstein et al. 2004) supertree methods.
We note that there are numerous different matrix
representations of trees (e.g. Farris et al. 1970;
Purvis, 1995; Wilkinson et al. 2004). In this paper,
we use a standard binary matrix representation
(Farris et al. 1970; Baum, 1992; Ragan, 1992)
which is the most commonly used one in supertree
studies and was also used in the formal definitions
of the MRF method (Chen et al. 2003; Burleigh
et al. 2004; Eulenstein et al. 2004). MRF is based
on the notion of flip distance from a character
matrix M to atree 7 (Chen et al. 2003; Eulenstein
et al. 2004). This quantity equals the smallest
number of 1 — 0 and 0 — 1changes (flips) that
must be made to M so that the 1-set of each char-
acter of M corresponds to some cluster in 7. An
MRF supertree for M is a tree T that has minimum
flip distance to 7. We now define the above
notions precisely.

Let T'be a phylogeny over some subset of S, v
be a node of T, and M be a character matrix for
S. Let z(v) denote the number of taxa that are in
the 0-set of character j and also in the cluster at
v; that is, z(v) = [Z,NL(T,)|. Simi!arly, let 0(v)
denote the number of taxa that are in the 1-set of
character j as well as in the cluster at v; that is,
0,(v) = 10,1 L(T,)|. The flip distance of character
j to vis defined as

5 ) =z + (10, = 0; (V). (1)

Note thatf; (v) is the number of changes needed
to make character j correspond to the cluster at node
v. The first term in the right hand side of the above
equation is the number of 0 — 1 changes and the
second term equals the number of 1— 0 changes.

The flip distance of character j to 7 is

(1) = min f;(v) 2
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The flip distance of character matrix M to T'is
fu ()= f,(T) 3)
Jj=1
The flip distance of a profile T to 7'is

JAT) =fu(T), 4)

where M is some matrix representation of T. Note
that f(7) is well-defined, since all matrix represen-
tations of T are column permutations of each
other.

The minimum-flip problem is: Given a character
matrix M over S, find a phylogeny 7 over § such
that 7,,(7) is minimum. The fixed-tree minimum
flip problem 1is: Given a character matrix M for S
and a phylogeny 7 for S, compute f,,(T).

Heuristics for MRF

The MRF supertree problem is defined only for
rooted trees (Chen et al. 2003; Burleigh et al. 2004;
Eulenstein et al. 2004), and the rooting of a tree
can affect its flip distance from a character matrix.
Thus, unlike MRP, MRF supertree heuristics
cannot use existing unrooted tree search algo-
rithms. The details of the original MRF heuristic
algorithm were not described by Eulenstein et al.
(2004), which has led to some apparent confusion
in critiques of MRF (e.g. Goloboff, 2005). There-
fore, we fully describe the accelerated MRF
heuristic.

Like its predecessor, the new MRF heuristic
uses a hill climbing strategy that is similar to the
one used for unrooted tree searches in PAUP*
(Swofford, 2002). The initial tree is obtained
through greedy taxon addition using a randomly-
chosen order (in practice, several initial trees are
usually generated). After the initial tree is obtained,
the search proceeds iteratively. At each step it
locates the best tree (the tree with the lowest flip
distance) that can be obtained from the current tree
by a branch swap. Each tree that can be generated
by a single branch swap is called a neighbor of the
current tree. If no neighbor has a lower flip
distance, the search stops and the current tree is
returned as the estimate of a MRF supertree. Other-
wise, the current tree is replaced by its best
neighbor. The improved run times reported here,
compared to the run times in the previous MRF

heuristic, are due to changes in the implementation
of the branch swapping operations.

We consider three rooted branch swapping
operations.

Rooted Nearest Neighbor Interchange (rNNI)
Choose an internal node v of 7'and swap one of
v’s children with v’s sibling. Note that 7 has
2n —4 rNNI neighbors.

Rooted Subtree Pruning and Regrafting (rSPR)
(See also Hein, 1990; Bordewich and Semple,
2004.) Choose a non-root node v of 7, called a
prune node. Prune the subtree T, by removing
the edge between v and its parent, suppressing
the remaining degree-two node. Next, regraft
T, into T — T, as follows: Pick a node u, called
the regrafting node, in T — T,. If u is the root,
create a new root p and make p the parent of u
and v. Otherwise, create a new vertex p that
subdivides the edge between u and its parent,
and make p the parent of v. Note that 7"has ©(n?)
rSPR neighbors.

Rooted Tree Bisection and Reconnection
(rTBR) This operation extends rSPR by allow-
ing the pruned subtree 7" = T, to be re-rooted
before regrafting. Re-rooting is done as follows:
(1) Suppress the root node of 7". (ii) Create a
new root node » by subdividing an edge {x, y}
in 7" into the edges {x, r} and {y, r}. We refer
to this operation as bending edge {x, y}. Note
that 7 has @(#°) rTBR neighbors.

The earlier MRF heuristic found the best
neighbor by computing the flip distance of each
such neighbor from scratch (Eulenstein et al. 2004).
This failed to exploit the similarities between the
current tree and its neighbors, and, consequently,
was quite slow. The running times to find an
optimal neighbor tree of a given n-taxon tree for
rNNI, rSPR, and rTBR were O(n’m), O(n’m), and
O(n*m), respectively. The new algorithms reduce
these times by a factor of n, giving execution times
of O(nm), O(n*m), and O(n’m), respectively. In all
three cases, the key is to preprocess the tree to
allow evaluation of the flip distance of each
neighbor in O(1) time per character. Our proce-
dures share some ideas with recently described
parsimony heuristics (Ganapathy et al. 2003).

In the remainder of this section, we first describe
a bottom-up assignment algorithm that is used in
all our branch swapping procedures. We then
describe the new rSPR and rTBR algorithms.
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Finally, we explain the implementation of greedy
taxon addition, which relies on rSPR. We have
experimentally determined that rNNI tends to
produce trees with higher flip distances than rSPR
and rTBR; nevertheless, for completeness, we
describe the rNNI algorithm in the Appendix. Since
the flip distance f,,(7) can be obtained by
computing f(7) independently for each character
j and adding up the results (see Equation (3)), the
descriptions of all the algorithms to follow focus
on the computation of f(T') for a single character ;.

Bottom-up assignment

The algorithm traverses the input tree 7 in post-
order, computing four quantities for each node v:
z{(v), 0/v), f(v), and f(T,). Before the traversal
starts, it computes the values of |O)] for every
character j; this takes O(nm) time.

Consider a node v of 7. If v is a leaf, we can
easily compute z(v), o (v) J(v), and f(T,) in O(1)
time. Now, suppose v is an internal node with
children u and w, such that z(x), o,(x), f(x), and f;
(T,) are known for x = u, w. ObViously,

z(v) = z{(u) + z(w)
and

)

0,(v) = o(u) + o(w).

Given z(v), oj(v), and [0}, the Vglue of f(v)
follows from Equation (1); f; (7)) is given by

J(T,) = min{ (T), f(T,), f;(v)}- (6)

Thus, z(v), 0/v), f(v), and f(T,) can be obtained
in O(1) tlme Slnce there are 2n — 1 nodes in T,
computing the four required values for every node
of T takes time O(n) per character, for a total of
O(nm) time.

When the bottom-up assignment is finished,
JAT) = f(T,), where v is the root node of 7
and f,(7) can be computed in O(m) time via
Equation (3).

Finding the best rSPR neighbor

The algorithm considers all possible prune nodes;
for each such node, it computes the optimum
regrafting node. A prune node v is processed in two
steps. First, apply the bottom-up assignment algo-
rithm to 7, and 7 — T,. Thus, for each node w of
each tree and each character j we have z(w), o,(w),
J{w), and f(T,). Second, traverse the nodes of 7" —
T, in preorder. Let the k-th node in the preorder

sequence be u,; thus, u, is the root of 7' — T. At
step k, we compute the flip distance of the tree
T® obtained by regrafting 7, at u;. We now explain
how to obtain £(7'") in O(l) time and how to
compute f(T (k)) k > 1, in O(1) time using the
information computed for yACE

Let p, denote the parent of v and u, in the k-th
rSPR neighbor tree. Let ¥ denote /(7% — T\").
Define 7" = oo

Note that p, is the root of the first rSPR neighbor
tree (Figure 1(a—b)) and that

£ =1,(1,)
=min ()., (20).1, (1D

The value of f; (p;) can be computed in O(1) time
using Equations (1) and (5) and the information
stored at the roots of 7, and 7' — T,. Note that
f(T(l))equalsf(T) which is known and
f (T, m)equals f ((T-T,)),,), whichis also known.
Thus. o J; (1Y) ca be obtained in O(1) time.

Assume that T7® D, k > 1, has been processed.
We now describe how to process T® (Figure 1
(c—d)). Let w, and w, denote the left and right
children of u,_, in 7% and let T, = T(  and T,
=T, =D Without loss of generahty, we assume that
u, = "W -

Assume that we know r*™_For T ® we have

) =min{r, £00), (T @)

Since, the cluster at u, _, in T® is the same as
the cluster at p;_, in 7", the above expression
can be evaluated in O(1) t1me Now,

1) = mm{ *) f( (k))} )

Notethatf (T(k)) =min {f((p,), /(T,),[(T,)}.s0
f ( 9 can be computed in O(1) fime given the

1nformat10n available at 7', and 7, from the prepro-
cessmg step. Hence f (T ()é)) can be obtained from
7% in O(1) time using Equation (9). Thus, the
best regrafting node for 7, can be found in O(n)
time per character. Since there are O(n) choices for
v, this leads to a time of O(n?) per character, and

O(n’m) total, to find the best rSPR neighbor of T,

Finding the best rTBR neighbor

rTBR differs from rSPR in that it may re-root 7,
before attaching it to 7 — T, . To handle rerooting
efficiently, we use a three-way assignment
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